Over ten percent of the population are afflicted by osteoarthritis, a chronic disease of diarthrodial joints such as the knees and hips, costing hundreds of billions of dollars every year. In this condition, the thin layers of articular cartilage on the bones degrade and weaken over years, causing pain, stiffness and eventual immobility. The biggest controllable risk factor is long-term mechanical overloading of the cartilage, but the disparity in time scales makes this process a challenge to model: loading events can take place every second, whereas degradation occurs over many months. Therefore, a suitable model must be sufficiently simple to permit evaluation over long periods of variable loading, yet must deliver results sufficiently accurate to be of clinical use, conditions unmet by existing models. To address this gap, we construct a two-component poroelastic model endowed with a new flow restricting boundary condition, which better represents the joint space environment compared to the typical free-flow condition. Under both static and cyclic loading, we explore the rate of gradual consolidation of the medium. In the static case, we analytically characterise the duration of consolidation, which governs the duration of effective fluid-assisted lubrication. In the oscillatory case, we identify a region of persistent strain oscillations in otherwise consolidated tissue, and derive estimates of its depth and magnitude. Finally, we link the two cases through the concept of an equivalent static stress, and discuss how our results help explain the inexorable cartilage degeneration of osteoarthritis.
Introduction 1
As we walk and run around, our knees and hips endure 2 forces many times our body weight. They withstand these to elastic compression of the high-density aggregates. nally, when the load is released, the cartilage re-imbibes 37 fluid and swells.
38
If the loading is sufficiently frequent, the cartilage does 39 not have time to re-swell to its original size each cycle. 40 Instead, it undergoes consolidation: it will progressively 41 compress by a greater fraction every time it is loaded, ex-42 uding less fluid and therefore contributing less to lubri-43 cation, until a state of maximal average compression and 44 minimal average exudation is reached. As well as affect- 45 ing the elastic modulus, the high density of aggregates 46 also results in a low permeability of the solid to the inter-47 stitial fluid, yielding a functional consolidation time of an 48 hour or more (Ateshian, 2009; Comper, 1991) . During this 49 time, the coefficient of friction rises ten-fold (Gleghorn and 50
Bonassar, 2008).

51
In healthy tissue, chondrocytes synthesise new material 52 to repair any damage caused by high levels of compres-53 sion and friction in late-stage consolidation. However, if 54 damage overtakes repair for some reason, the tissue gradu-55 ally degrades over months or years. This debilitating con-56 dition, termed osteoarthritis (OA) or non-inflammatory 57 arthritis, has a morbidity of over 10% of the population 58 and costs the economy hundreds of billions of dollars ev-59 ery year in lost productivity (Bitton, 2009 ). Repairing the 60 tissue is difficult (Hunziker, 2002; Newman, 1998) , and in 61 serious cases the only effective treatment may be surgical 62 joint replacement.
63
The aetiology of OA is complex. Both genetic and be-64 havioural risk factors exist. Of the latter, abnormal joint 65 loading is particularly prominent. For instance, surgical 66 alteration of the menisci-tough rings of fibrocartilage in 67 the knee which spread load over the articular cartilage-In this paper we derive a simple, effective and tractable ties: the time taken to consolidate, which corresponds to 107 the duration of mixed mode lubrication, and the strains 108 experienced through the cartilage.
109
In the static case, we first illustrate the essential fea-110 tures of consolidation before exploring the influence of flow 111 restriction. We show that greater restriction slows down 112 consolidation, helping to preserve cartilage integrity. We 113 derive an approximate relationship between the consolida-114 tion time scale, the applied load and the tissue's biome-115
chanical properties, and demonstrate its robustness over a 116 wide range of flow resistance values.
117
We then examine oscillatory loading, the more com-118 mon usage pattern. First, we show that low levels of flow 119 restriction at the surface markedly temper long-term vari-120 ability in the total cartilage thickness compared to a free-121 flowing boundary, but significant strain variability persists 122 in the superficial zone. To quantify this, we solve the 123 consolidation problem linearised about the time-averaged 124 strain field, which yields approximations for three primary 125 quantities: the depth d of the high-strain region, the strain 126 variation range ∆, and the propagation speed v of com-127 pression waves. We show that these quantities scale with 128 the loading frequency f as dimensions.
200
The cartilage has unloaded thickness H, with comoving 201 (material) coordinate z running from z = 0 at the bone to 202 z = H at the surface. We will couch our model in terms of 203 the engineering strain ε, where ε < 0 in compression, with 204 associated axial deformation gradient F = 1 + ε. The true 205 cartilage thickness at time t is then
The corresponding work conjugate to the deformation gra-207 dient is the first Piola-Kirchoff stress, but in one dimen-208 sion its axial component coincides with that of the Cauchy 209 stress; therefore, for consistency with the cartilage litera-210 ture, we take the liberty of denoting axial stresses by σ, 211
with σ < 0 in compression.
212
The total vertical stress σ tot decomposes as σ tot = 213 −p(z, t)+σ(z, t), with fluid pressure p(z, t) and solid stress 214 σ(z, t) (Verruijt, 1995 fore, we neglect the contribution of collagen to the stress.
228
Now, suppose that the unloaded cartilage possesses an ag- 
where R is the gas constant, T is the temperature, and the 
Note that a three-dimensional formulation of the stress 258 would need to be in terms of appropriate work conjugates, 259
such as the first Piola-Kirchoff stress tensor if using the 260 deformation gradient as the strain measure as we do here. 261
In addition, the planar tensile effects of collagen may need 262 to be considered if the loading is sufficiently non-uniform, 263 such as in an indentation test.
264
We now define the fluid pressure p. The interstitial flow 265 obeys Darcy's law for flow in a porous medium (Batchelor, 266 2000), whereby the flux q is proportional to the gradient 267 in pressure. In our Lagrangian viewpoint, this becomes
The function k(z, t) is known as the permeability. The fac-269 tor 1/(1 + ε) serves to perform an inverse Piola transfor-270 mation of the Eulerian permeability k into the Lagrangian 271 frame, resulting in an effective Lagrangian permeability 272
. This is derived in the appendix.
273
Denser aggrecan is less permeable, so k, like Π, is a 274 function of the compressed aggrecan concentration c. The 275 permeability fits a power law leads to the non-linear diffusion-type equation
This is derived in the appendix, following Gibson et al.
293
( 1967, 1981) and McNabb (1960) .
294
Combining eq. (3) with the equilibrium stress-strain
yields a closed system. All that remains is to supply 297 boundary conditions and the loading protocol for Σ(t). 
Boundary conditions
299
We take the bone boundary z = 0 to be impermeable, 300 so q(0, t) = 0, which implies p z (0, t) = 0 through eq. (2) 301 (where p z denotes ∂p/∂z).
302
The condition at z = H demands more careful consid- way to model this is to write the pressure as proportional 311
to the flux, essentially coupling the cartilage to another 312 porous medium whose far end is held at zero reference pres-313 sure (in the synovial fluid). We write p(H, t) = γq(H, t), 314
which implies the Robin-type condition
by eqs. (2) and (4). The proportionality constant γ > 0 316
dictates the resistance, with higher γ giving lower flux. profile with its equivalent mean static stress.
325
For oscillatory loading, we will mimic typical activity 326 patterns using half-sinusoidal loading of frequency f and 327 meanΣ 0. The instantaneous load is then
where · is the integer floor function, so x − x is the 329 fractional part of x. We will often compare oscillatory 330 loading with the case of static loading under the same 331 mean stress, where Σ(t) ≡Σ. 
Non-dimensionalisation and parameter selection 333
We now non-dimensionalise the system in order to un-334 derstand its parameter dependencies. 
345
Combining these parameter groups yields a time scale
Setting t = τt recasts eq. (3) into the dimensionless form
The cyclic loading frequency also then rescales as f =f /τ .
348
Finally, the boundary condition in eq. (5) rescales to
with rescaled boundary resistance values between Γ = 0 (free-flowing) and Γ = 1, later fo-374 cussing on Γ = 0.1 as a value that has a noticeable but 375 not unrealistically excessive effect.
376
The parameters in table 1 imply a pressure scale S = 377
35 kPa, and here we will consider average loads up to 378 15S ≈ 500 kPa. For a typical thickness H = 3 mm we 379 also get a time scale τ = 4.1 × 10 5 s, or 5 days; however, 380 the majority of the consolidation process occurs in a small 381 fraction of this time. Typical consolidation durations ex-382 amined will be on the order oft = 0.01, which is equivalent 383
to approximately 1 hour with the above value of τ .
384
Having completed our rescaling, we now drop the hat 385 notation where applicable and work exclusively with the 386 non-dimensional variables unless otherwise specified. 
Static loading
To illustrate the process of consolidation and to ex-389 plore the fundamental effect of the boundary resistance,
390
we begin by studying consolidation under a static stress.
391
The basic progression of consolidation is the following.
392
At the instant of first loading, the stress is borne entirely Free-boundary homogeneous consolidation obeys an ex-426 ponential decay at large t (Verruijt, 1995), so we expect 427 similar behaviour here. The effect of Γ can be seen in the 428 global consolidation rate 
which clarifies the effect of Γ in retarding consolidation.
442
The precise impact of Γ on this long-term rate can be 443 inferred by considering asymptotics of the system. 
We will now expand about the t → ∞ state. Let der, write
where λ > 0 is the long-term consolidation rate and η 1 459
is a small bookkeeping parameter. Substituting these into 460 eq. (9) and discarding terms of O(η 2 ) yields
All that remains is to linearise the boundary conditions. 462
Expanding σ about ε = ε ∞ implies
Therefore, to first order in η, the bone boundary condi- 
Properties of the function cot ν guarantee that there al-473
ways exists exactly one solution in 0 < ν π/2 for all 474 Γ 0, which will be the dominant term. Equality is 475 achieved precisely when Γ = 0, which yields the free-476 flow consolidation rate λ = (π 2 /4)K ∞ σ ε,∞ . Non-zero Γ 477 moves ν away from π/2 towards 0, so the consolidation 478 rate λ ∝ ν 2 falls. If Γ is still sufficiently small so that ν is 479
close to π/2, then we can expand cot ν ≈ −(ν − π/2) to 480 get the approximations
At the other extreme when Γ 1 and therefore ν π/2,
482
we have cot ν ≈ 1/ν, giving the approximate solution
For In this section, we will study the effect of oscillatory 517 loading on our model. In particular, we will explore the 518 effect of the boundary resistance Γ on strain and pressure 519 variation, both globally and locally. We will see that even 520
when the cartilage appears to be static globally, a region of 521 persistent local strain oscillations remains in the superficial 522 zone, whose magnitude and depth we can approximate. world load patterns might be effectively simplified to some 533 equivalent static load. We will return to this point later. 
Superficial zone strain variation
565
We will now analytically quantify these superficial zone 566
oscillations. By making some judicious approximations in 567 the case of small oscillations, we can extract the param-568
eter relationships governing the penetration depth, strain 569 variability and compression wave propagation speed of the 570 oscillating region.
571
Suppose we subject the cartilage to oscillatory loading 572 Σ(t) of period τ = 1/f . Until specified otherwise, no par-573 ticular form of Σ(t) is assumed. For a periodic function F , 574 define the cycle mean 575
For sufficiently large t, the strain ε(z, t) is approximately 576 periodic and decomposes into ε(z, t) =ε(z)+δ(z, t), where 577ε (z) = ε(z, t) and δ(z, t) has period τ with δ(z, t) = 0.
578
Now, suppose that the strain fluctuations are suffi-
579
ciently small that we may use δ as an expansion parameter.
580
This is the case for high frequency or low magnitude ac-581 tivity, or high boundary resistance. We view K and σ as 582 functions of ε and z, rather than as functions of z and t,
583
writing K(ε; z) and σ(ε; z). Linearising aboutε,
Henceforth, subscripts F ε refer to partial derivatives with 585 respect to ε holding z constant, and Leibniz-style par-586 tial derivatives ∂/∂z (resp. ∂/∂t) will denote holding t
587
(resp. z) constant but not holding ε constant. In addition,
588
where unspecified, the arguments of K, σ and derivatives 589 are taken to be (ε; z).
590
Similar linearisation of eq. (4) implies 591 Σ(t) = −p(z, t) + σ(ε; z) + δ(z, t)σ ε (ε; z).
Linearising eq. (3) and substituting for p from eq. (13) 592
Since δ is periodic, we have ∂δ/∂t = 0, so taking the 594 cycle mean of eq. (14) and using δ = 0 gives
This shows K∂σ/∂z is constant. The no-flow condition at 596 z = 0 implies the constant is zero, so ∂σ/∂z ≡ 0; in other 597 words, σ(ε, z) is constant in z.
598 Equation (14) now reads
At this stage we approximate K and σ ε by their (presently 600
unknown) values K 1 , σ ε,1 at z = 1 and neglect their z-601 derivatives, assuming that their variation with z is suffi-602
ciently small compared to their value over the superficial 603 region of high δ-variation. Equation (15) then reduces to 604 linear form 
This has solutionδ n (z) = A n e (1+i)ψnz + B n e −(1+i)ψnz , 615
where we have defined the spatial growth and decay rates 616
Observe the complex exponents giving a temporal phase 617 shift linear in z, indicating propagation of compression 618 waves through the cartilage as opposed to instantaneous 619 deformation. The term in B n yields a mode with angular 620 component e i(nωt−ψnz) which propagates in the direction 621 of increasing z; this corresponds to a compression wave 622 reflection off the bone at the base of the cartilage, whose 623 minor contribution we neglect by setting B n = 0.
We now use eq. (13) and the boundary condition at 625 z = 1 to extract the coefficients A n and cycle-averaged 626 strainε. Linearising eq. (7) in δ implies
where we have used eq. (13) to substitute for p. Therefore, setting z = 1 in eq. (13) and recalling that σ is constant 629 in z, we have
Taking the cycle mean yieldsΣ = σ. This can be solved 631 numerically forε(z), which then enables calculation of K 1 632 and σ ε,1 . Taking higher modes, we have
which gives the coefficients A n in terms of Σ n .
634
This analysis finally gives us the strain oscillation
The magnitude of the surface deformations can be charac-
636
terised by the z = 1 strain variance
When Γ = 0, this is directly proportional to the variance 638 of Σ(t) and is independent of the oscillation frequency. A 639 non-zero Γ has two effects: it decreases the amplitude of 640 oscillations, with higher stress modesΣ n subject to pro-641 gressively stronger damping, and it introduces frequency 642 dependence, with all modes subject to greater damping at 643 higher frequencies (as seen in fig. 6 ).
644
Until this point, our derivation has not assumed any When Γ > 0, the high frequency limit reads At high frequency (and hence low ∆)h is close to that seen 689 under the equivalent static stress, but lower frequencies de-690 viate from this and consolidate to a lesser degree. We can 691 find a simple estimate of this effect, at least within the 692 superficial zone, by employing an extra term in the stress 693 expansion.
694
As before, suppose that σ ε , K and their ε-derivatives 695 can be approximated in the superficial zone by their values 696 at z = 1. Writing eq. (13) to the next order in δ and taking 697 the cycle mean implies
where we have used the second derivative σ εε,1 = σ εε | z=1 . 699
Requiring zero mean fluid flow at large t in tandem with 700 the z = 1 boundary condition implies that, under our ap-701 at some time t, a slice of cartilage at z will be at a po-816 sition ζ(z, t) in the laboratory frame. In particular, the 817 total consolidated depth is h(t) = ζ(H, t), and the steady 818 unloaded configuration is ζ(z, 0) = z.
819
Let n(z, t) be the porosity field, i.e. the proportion of where we define the specific discharge q = n(v f − v s ).
831
The net flux q is taken to obey Darcy's law, wherein the 832 pressure gradient must be referred to the Eulerian frame, 833 not the Lagrangian. Thus q obeys 
